LIE BI ALGEBRAS OF COMPLEX TYPE AND ASSOCIATED POISSON LIE 

GROUPS 
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Abstract. In this work we study a particular class of Lie bialgebras arising from Hermitian 
structures on Lie algebras such that the metric is ad-invariant. We will refer to them as Lie 
bialgebras of complex type. These give rise to Poisson Lie groups G whose corresponding duals 
G* are complex Lie groups. We also prove that a Hermitian structure on g with ad-invariant 
metric induces a structure of the same type on the double Lie algebra T>q = 0©g*, with respect 
to the canonical ad-invariant metric of neutral signature on X>g. We show how to construct a 
2n-dimensional Lie bialgebra of complex type starting with one of dimension 2(n — 2), n > 2. 
This allows us to determine all solvable Lie algebras of dimension < 6 admitting a Hermitian 
structure with ad-invariant metric. We exhibit some examples in dimension 4 and 6, including 
two one-parameter families, where we identify the Lie-Poisson structures on the associated 
simply connected Lie groups, obtaining also their symplectic foliations. 



1. Introduction 



The notion of Poisson Lie group was first introduced by Drinfel'd [If] and studied by Semenov 



Tian-Shansky [29] to understand the Hamiltonian structure of the hidden symmetry group of a 
completely integrable system. These groups appear in the theory of Poisson-Lie T-dual sigma 
models [[P?]]. Lie bialgebras, the infinitesimal counterpart of Poisson Lie groups (see [If, [3f]]), 



are in a natural one-to-one correspondence with Lie algebra structures on the vector space 
= g(&g* with some compatibility conditions. T>g with this Lie algebra structure is called the 
double of the Lie algebra g. The classification of Lie bialgebras for complex semisimple g was 
carried out in ||. On the other hand, since non-semisimple Lie algebras play an important role 
in physical problems, there is more recent work on the classification problem of low-dimensional 
Lie bialgebras (see, for instance, |2(| and the references therein). 

The purpose of this paper is to study a particular class of Lie bialgebras arising from classical 
r-matrices of a special type and to present some new examples of Poisson Lie groups in this 
setting. We obtain Poisson Lie groups such that their duals turn out to be complex Lie groups. 
In fact, if J is a complex structure on a Lie algebra g, then a new bracket [•, •] j can be defined 
on g as follows: 

[x,y}j = [Jx,y] + [x,Jy], x,y G g, 



and the integrability condition for J (see §2^) implies that [-, ■] j satisfies the Jacobi identity, 



that is, J is a classical r-matrix on g (see Lemma |2.2| ). Moreover, gj := (g, [•, •] j) is a complex 
Lie algebra. If g carries also an ad-invariant metric g such that (J, g) is a Hermitian structure, 
then g admits a Lie bialgebra structure. Such a Lie bialgebra will be called of complex type. We 
prove that the Lie algebra structure on the dual g* is isomorphic to gj, and therefore g* is a 
complex Lie algebra. This implies that the simply connected Poisson Lie group G associated to 
the Lie bialgebra g has the remarkable property that its dual Poisson Lie group G* is a complex 
Lie group. Furthermore, we prove that the double Lie algebra T>g admits a complex structure J 
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(induced by J), such that (JJ ', (•,•)) is a Hermitian structure on T>q, where (• , •) is the canonical 
ad-invariant metric of neutral signature on T>q. It turns out that when g is a Lie bialgebra of 
complex type, then so is Vq. 

Also, beginning with a Lie algebra g equipped with a Hermitian structure such that the 
metric is ad-invariant, we can apply, under certain conditions, the double extension method (see 



[14, 16, |24|]) in order to construct a new Lie algebra of dimension dimg + 4 endowed with a 
similar structure. This construction leads us to determine all solvable Lie algebras of dimension 
< 6 admitting a Hermitian structure with ad-invariant metric. 

The paper is organized as follows. In §2.1 we define Lie bialgebras, Poisson Lie groups and 
recall from [Q] how to obtain a Lie bialgebra from a classical r-matrix. Section 2.2 is devoted to 
preliminary results on the complex Lie algebra gj constructed from a complex structure J on g 
and in §2.3 we define metric Lie algebras and discuss some properties of Hermitian structures 
with ad-invariant metrics. 

In Section 3 we prove that every Hermitian structure with ad-invariant metric gives rise to a 
Lie bialgebra of complex type. In this case, we show that the double Lie algebra T>q also has 
such a structure. We obtain as a corollary that a complex structure on g induces a Lie bialgebra 
structure of complex type on the double V(T*q) of the cotangent Lie algebra T*g. We exhibit 
many examples starting with solvable Lie algebras. In case g is compact semisimple, we show 
that our construction yields a Lie bialgebra which is not equivalent to the standard one obtained 
by ||. 

Section 4 is devoted to the study of Lie bialgebras of complex type obtained by a double 
extension process. By applying this construction we can prove that every solvable metric Lie 
algebra of dimension at most 6 with metric of signature (2r, 2s) admits a Lie bialgebra structure 
of complex type. 

In the last section we study the simply connected Poisson Lie groups associated to some Lie 
bialgebras of complex type in dimension 4 and 6, obtaining also their symplectic foliations. We 
get a linearizable Poisson structure on R 4 and we exhibit two one-parameter families {n^}, {n^} 
of Lie-Poisson structures on R 6 (A > 0) such that is not equivalent to for each A > 0, 
but as A — > these families converge to the same Poisson structure n°. When A — » oo we have 
an analogous situation, with both families converging to the same Poisson structure n°°. We 
point out that the structures n° and n°° on R 6 are not equivalent. On the other hand, there 
is a unique nilpotent Lie algebra of dimension 6 admitting Lie bialgebra structures of complex 
type, giving rise to Lie-Poisson structures on R 6 which cannot be obtained as deformations of 
the previous ones. 



2. Preliminaries and basic results 

2.1. Lie bialgebras and Poisson Lie groups. Let g be a real Lie algebra and 5 : g — ► /\ 2 q a 
1-cocycle with respect to the adjoint representation. The pair (g, S) is called a Lie bialgebra if 
<5* : A g* — ► g* induces a Lie algebra structure on g* (see pl|| ). 

A multiplicative Poisson structure on a Lie group G is a smooth section n of A 2 TG such that 
the following conditions are satisfied: 

(1) {f }9 } ■- (df A dg,U) defines a Lie bracket on C°°(G, R); 

(2) the multiplication m:GxG->Gisa Poisson mapping, that is, the pull back mapping 
m* : C°°(G, R) — > C°°(G x G, R) is a homomorphism for the Poisson brackets 1 . 

*We recall that the Poisson bracket on C°°(G x G,K) is defined by 

U,9}{x,v) = {f(x, -),g(x,-)}(y) + {f(-,y),g(-,y)}(x), x,y G G. 
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A Lie group equipped with a multiplicative Poisson structure is called a Poisson Lie group. 

If G is a connected, simply connected Lie group with Lie algebra g, there is a one-to-one 
correspondence between multiplicative Poisson structures on G and Lie bialgebra structures 5 
on g (see Jl^]). The correspondence is established as follows: 

(1) (cfll)e = 6. 

We will say that a linear operator r £ End(g) is a classical r-matrix if the g-valued skew- 
symmetric bilinear form on g given by 

[x, y] T = [rx, y] + [x, ry] 

is a Lie bracket, that is, it satisfies the Jacobi identity, g equipped with the Lie bracket [v]r 
will be denoted by g r . The next result is a consequence of Corollary 2.9 in (see also [|28| ): 

Proposition 2.1. If r is a classical r-matrix and g admits a non- degenerate symmetric ad- 
invariant bilinear form such that r is skew- symmetric, then r gives rise to a Lie bialgebra (g,5 r ). 

The 1-cocycle 5 r above is defined as follows. Let g be a non-degenerate symmetric ad-invariant 
bilinear form on g such that r is skew-symmetric. We consider the metric g on g as a linear 
isomorphism g : g — > g*, g(x)(y) = g(x,y). Via this isomorphism, the Lie bracket [v]r on Qr 
induces a Lie bracket [•,•]* on (g r )* = g*, given as follows: 

[<*,P]* =5([5~ 1 a,9~V]r), a,/3eg*. 

We denote by 5 r : g — > A the dual of [-, •]*. If we look upon R := r o g^ 1 as an element in 
A 5, we observe that (g,5 r ) is an exact Lie bialgebra, since 

8 r (x) = &d(x)R for all x £ g, 

that is, S r is a coboundary. 

For a Lie bialgebra coming from a classical r-matrix r, the corresponding Poisson structure on 

G given by ([[]) is the bivector field R — R, where R (resp. R) is the left (resp. right) invariant 
bivector field on G whose value at the identity e of G is R = r o g -1 (see |@, §). 

In §|| we will apply the above proposition to the particular case when the r-matrix is a complex 
structure on the Lie algebra. 

Remark. Given a bivector R £ A 2 0> the coboundary 5r defined by 8r(x) = &d(x)R for x £ g 
induces a Lie bialgebra structure on g if and only if the Schouten bracket 2 [R, R] is ad(g)- 
invariant: 

[R,R] G (AY) 9 . 

When R satisfies this condition we say that R is a solution of the modified Yang-Baxter equation 
(MYBE). In particular, this is trivially satisfied when [R, R] = 0, which is known as the classical 
Yang-Baxter equation (CYBE). 

If g admits a metric as above and r = R o g £ End(g), then the MYBE and the CYBE in 
terms of r are equivalent, respectively, to: 

[x,B r (y,z)} + [y,B r (z,x)} + [z,B r (x,y)] =0, x,y,z £ g, 

B r (x,y) = 0, x,y£g, 

where 

B r (x, y) := [rx, ry] - r ([x, y] r ) . 



'For the definition and properties of the Schouten bracket see, for instance, |l. 
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2.2. Complex structures as r-matrices and associated Lie algebras. A complex struc- 
ture on a real Lie algebra is an endomorphism J of g satisfying J 2 = —id and the integrability 
condition Nj = 0, where 

(2) Nj(x,y) = [Jx,Jy] - [x,y] - J[Jx,y] - J[x,Jy] forx,yGg. 

If G is a Lie group with Lie algebra g, by left translating the endomorphism J we obtain 
a complex manifold (G, J) such that left translations are holomorphic maps. We point out 
that (G, J) is not necessarily a complex Lie group since right translations are not in general 
holomorphic. 

Let g c denote the complexification of g, then we have a splitting 

9 € = 9 1 '°®g >\ 

where g 1,0 (resp. g 0,1 ) is the eigenspace of J of eigenvalue i (resp. —i). It follows that 

g 1 ' = {x — iJx : x G g}, g ' 1 = {x + iJx : x G g}, 

hence g ' 1 = a(g 1,0 ), where a : g c — > g c is conjugation with respect to the real form g, that is, 
a(x + iy) = x — iy, x, y G g. The integrability of J is equivalent to the fact that both, g 1,0 and 
g ' 1 , are complex Lie subalgebras of g c . When g 1,0 is abelian J is called an abelian complex 
structure (see Q) and it follows that g ' 1 is also abelian. This is equivalent to the condition 
[Jx,Jy] = [x,y], x,y G g. 

When g 1 ' is an ideal of g c , then g ' 1 is also an ideal and (g, J) is called a complex Lie algebra. 
In this case, ad(x), x G g, are complex linear maps: 

(3) ad(x) o J = J o ad(x). 

If G is a connected Lie group with Lie algebra g and (G, J) is the complex manifold obtained by 
left translating J, the above condition is equivalent to (G, J) being a complex Lie group, that 
is, both, right and left translations on G are holomorphic maps. 

We will say that two complex structures J\ , J2 on g are equivalent if there exists a Lie algebra 
automorphism 92 : g — > g such that (p o Ji = J 2 o ip. 

As a consequence of the integrability condition of a complex structure J we obtain the fol- 
lowing lemma (see also || |l^] ) . 

Lemma 2.2. If J is a complex structure on g then J is a classical r-matrix. Moreover, (gj, J) 
is a complex Lie algebra. 

Proof. Using (§) we compute 

J[x,y]j = J([Jx,y] + [x,Jy])=-[x,y] + [Jx,Jy], 
[Jx,y)j = [J(Jx),y] + [Jx,Jy] = -[x,y] + [Jx,Jy], 

therefore 

(4) J[x,y]j = [Jx,y]j. 

Setting ad j{x) = [x, •] j, (Q) amounts to adj(x) o J = J o adj(x), for all x G gj, in other words, 
(gj, J) is a complex Lie algebra and the lemma follows. □ 

Lemma 2.3. 

(1) gj is an abelian Lie algebra if and only if J is an abelian complex structure. 

(2) (g, J) is a complex Lie algebra if and only if it is isomorphic to (gj, J). 

(3) (g, J) is a complex Lie algebra if and only if adj(x) = 2 J o ad(x) for any x G g. 
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Proof. Assertion (1) is straightforward from the definition of [•, •] j. 
To prove (2), assume first that (g, J) is a complex Lie algebra. Then 

[x,y]j = 2J[x,y], x,y 6 g. 

It follows that ip = — — J is a Lie algebra isomorphism from g onto gj that commutes with J. 

For the converse, let ip be a Lie algebra isomorphism 99 : gj — » g such that ip o J = J o ip. 
Then 

ad(x)o J(y) = [x, Jy] = 9? ([(/^(x), (^(Jy)] j) = ([</? _1 (x)> Jo ^ _1 (y)]j) 

= o j (for 1 ^), ^ X (y)]j) = J ° <p (fa _1 0»0, <p~\v)]j) 

= J {[v,y]) = J ad(^) 

where the fourth equality follows from Lemma ^L^. Therefore, (g, J) is a complex Lie algebra. 

The only if part of (3) is straightforward. To prove the converse, assume that adj(x) = 
2 J o ad(x) for any x £ g. Since J is integrable, we have 

[z,y]j = 2J[x,y] = 2([Jx,y] + [x,Jy] + J[Jx,Jy}) , 

hence, 

2J[Jx,Jy] = -[Jx,y] - [x,Jy] = -2J[x,y], 

which implies [Jx, Jy] = — [x,y]. In particular, [Jx, y] = [x, Jy], and the integrability of J gives 
J[x,y] = [Jx,y], that is, (g, J) is a complex Lie algebra. □ 

The next proposition gives a complex Lie algebra isomorphism between (gj, J) and g 1 ' (see 
also lUl). 



Proposition 2.4. If J is a complex structure on g, i/ien (gj, J) and g 1,0 are isomorphic as 
complex Lie algebras. 

Proof. Consider g as a complex vector space with multiplication by i given by the endomorphism 
J. Let p : Qj — ► g 1 ' be the complex linear map defined as follows 

ip(x) = i(x — i Jx) = ( J + i id)(x), x £ gj, 

where id is the identity operator. We need to check that <p is a Lie algebra homomorphism, 
where the Lie bracket on g 1 ' is the complex bilinear extension of [•,•]. In fact, 

V(\x,y]j) = p([Jx,y] + [x,Jy]) = J([Jx,y] + [x,Jy}) + i([Jx,y} + [x,Jy}) 
= [Jx,Jy] - [x,y] +i([Jx,y] + [x,Jy]), 
[<p(z),<p(y)] = [Jx + ix,J + iy] = [Jx,Jy]-[x,y]+i([Jx,y] + [x,Jy]), 

where the third equality follows from (|2|). Hence, p establishes the desired Lie algebra isomor- 
phism. □ 

Remarks. 

(i) Observe that in the above proposition J — i id gives an isomorphism between qj and g 0,1 . 

(ii) We point out that if g is a solvable (resp. nilpotent) Lie algebra with a complex structure J, 
then qj is solvable (resp. nilpotent). The converse is not true, that is, we can obtain a solvable 
Lie algebra qj starting from a non solvable Lie algebra g. We recall from [30] the definition of a 



regular complex structure on a reductive Lie algebra g. A complex structure J on g is said to be 
regular if there exists a a-stable Cartan subalgebra f) of g c such that [l^g 1 ' ] C g 1,0 , where a is 
conjugation in g c with respect to g. If g is a product of an abelian ideal and a semisimple ideal 
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5, it was shown in [30 that when the simple factors in s are compact or belong to the following 
list: 

st(2,R), sp(2n,R), so*(2n), e 6( _ 14) , e 6(2 ), any real form of: e 7 , e 8 , f 4 , 2 , 

then any complex structure J on g is regular and satisfies u C g 1 ' C b for some Borel subalgebra 
b of g c with unipotent radical u. Therefore, gj = g 1 ' is always solvable. 

On the other hand, if g is a a real noncompact semisimple Lie algebra with a compact Cartan 
subalgebra or a real split semisimple Lie algebra, it follows from results of [20| that for the 
canonical Koszul operator J on g, gj is also solvable. 



The next result is a straightforward consequence of Proposition 2.4. 

Corollary 2.5. If J\ and J 2 are equivalent complex structures on g, then Qj l is isomorphic to 
0J 2 - 



2.3. Metric Lie algebras and Hermitian structures. A metric on g is a non degenerate 
symmetric bilinear form. A Hermitian structure (J, g) on g is a pair of a complex structure 
J and a metric g on g such that J is skew-symmetric. We will say that two Lie algebras 
with Hermitian structures (jji, Ji,gi) and (g 2 , ^2,92) are equivalent if there exists a Lie algebra 
isomorphism <p : Qi — > g 2 which is also an isometry between g\ and g 2 satisfying ipoJi = J 2 o<^. 

A metric Lie algebra is a pair (g,g) of a Lie algebra g equipped with an ad-invariant metric 
g, that is, the following condition holds for all x,y,z G g: 

g([x,y],z) = g(x, [y,z]). 

Equivalently, the endomorphisms ad(x) are skew-symmetric for all x £ g. Note that in this case 
g is unimodular (i.e., tr(ad(x)) = for all x £ g). The Killing form on a semisimple Lie algebra 
is an example of an ad-invariant metric. However, for non semisimple Lie algebras, there are 
obstructions for the existence of ad-invariant metrics: for instance, if such a metric exists, then 
3 = [g,g], where 3 denotes the centre of g. In particular, we have that dim 3 + dim [g,g] = dimg, 
so that a solvable Lie algebra with trivial centre cannot admit an ad-invariant metric. The 
metric Lie algebra (g,g) is called indecomposable if every proper ideal of g is degenerate. 

We will be studying Hermitian structures (J, g) on g where g is ad-invariant. First, we prove 
some results which impose restrictions on the complex structure or the metric. The next lemma 
gives a necessary condition on the signature of the metric. It can be shown by induction on 
dim V and its proof is omitted. 

Lemma 2.6. Let V be a real vector space with a Hermitian structure (J,g). Then the signature 
of g is of the form (2r, 2s), 2r + 2s = dim V. 

Proposition 2.7. Let g be a Lie algebra endowed with a Hermitian structure (J,g) such that 
the metric g is ad-invariant. If any of the conditions (i) — (iii) below holds, then g is abelian. 

(i) The Kahler form lo on g defined by u(x,y) = g(Jx,y) is closed. 

(ii) J is abelian. 

(iii) J o ad(x) = ad(x) o J for all x £ g. 

Proof, (i) Suppose that the 2-form u is closed, so that 

u{[x,y],z) +u([y,z},x) +u([z,x],y) = for all x,y,z G g. 
Since g is ad-invariant and J skew-symmetric, from the definition of to we obtain 

u([x,y],z) = g{J[x,y],z), u([y,z],x) = g(z, [y, Jx]), u([z, x], y) = -g{z, [x,Jy]), 
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so that 

g{J[x,y\ - [Jx,y] - [x,Jy],z) = g(J[Jx,Jy],z) = 
for all x,y,z € g, where we have used the integrability of J. Since g is non degenerate, we have 
that [Jx, Jy] = for all x, y £ g, and hence g is abelian. 

(ii) Let us assume now that J is abelian. Then 

g([Jx,y],z) = -g(y, [Jx,z]) = g(y, [x,Jz]) = g(J[x,y],z), 

where in equality (f) we have used the fact that J is abelian. Since g is non degenerate, we 
have that J[x,y] = [Jx,y] for all x, y £ 0, and from this we obtain easily that [Jx, y] = [x,Jy]. 
However, [Jx,y] = —[x, Jy] as J is abelian, and hence [Jx,y] = for all x,y and g is abelian. 

(hi) Suppose now that J o ad(x) = ad(x) o J, or equivalently, J[x, y] = [Jx, y] for all x,y £ q. 
Then we have 

g([Jx,y],z) = -g(y, [Jx,z]) = -g(y,J[x,z]) = -g([x, Jy], z), 
so that [Jx, y] = —[x, Jy] and therefore J is abelian. From (ii), g is abelian. □ 



3. Lie bialgebras and Hermitian structures 

Let g be a Lie algebra with a Hermitian structure (J,g). We consider the metric g on g as a 
linear isomorphism g : g — ► q* , g(x)(y) = g(x,y). Via this isomorphism, the Lie bracket [•, -]j 
on qj induces a Lie bracket [•, •]* on (flj)* = 0*, given as follows: 

[a,0\* = <?(b" 1 a,5" 1 /?]j), «,/? eg* 
and J induces an endomorphism J* : g* — > g*, 
(5) J* a = —a o J, a G g*. 

We denote by 5j : g — > g A g the dual of [•,•]*. 

Theorem 3.1. Lei (J, g) 6e o Hermitian structure on g suc/i i/iaf g is ad-invariant. Then (g, Sj) 
is a Lie bialgebra such that (g*, [•,•]*, J*) is a complex Lie algebra isomorphic to (qj,[-,-]j,J). 
Ln particular, if G and G* are the corresponding simply connected Poisson Lie groups, then G* 
is a complex Lie group. 



Proof. The fact that (g, Sj) is a Lie bialgebra is a consequence of Proposition 2A. It follows 
from Proposition 2.8 in that 

(0*,M*) = (bj,Mj)- 

Moreover, since J* o g = g o J, Lemma ^2] implies that (g*, [•,•]*, J*) = (gj, [•, J) as complex 



Lie algebras. □ 

A Lie bialgebra of the form (g, 5j) as above will be called a Lie bialgebra of complex type and 
a Poisson Lie group corresponding to it, a Poisson Lie group of complex type. 

Example 3.2. The cotangent Lie algebra T*rj of a Lie algebra f) is defined as the semidirect 
product T*t) := I) x CO ad !)*• If -H" denotes the simply connected Lie group with Lie algebra (), 
the cotangent bundle T*H has a natural Lie group structure with corresponding Lie algebra 
T*h. There is a canonical ad- invariant metric of neutral signature (• , •) on T*h, defined as in (S) 



below. According to Theorem 3.1, every skew-symmetric complex structure on T*t) determines 



a multiplicative Poisson structure on T*H such that (T*H) is a complex Lie group. It should 
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be pointed out that Hermitian structures (J, (•,•)) on T*t) are in one-to-one correspondence with 
left invariant generalized complex structures on H, as shown in |TJ. 



It is well known [11] that given a Lie bialgebra (g, <5), the vector space Vg = g © g* becomes 



a Lie algebra with the bracket: 

[(x, a), (y, (3)] = ([x, y] + coad*(a)y — coad*(/3)x, [a, /?]* + coad(x)/3 — coad(y)a) , 

for x,y £ g, a, (3 £ g*, where coad stands for the coadjoint representation of g on q*, and coad* 
stands for the coadjoint representation of g* on g. Note that both g and g* are subalgebras of 
Vg with this Lie bracket. There is a canonical ad- invariant metric (• , •) of neutral signature on 
T>g given by 

(6) ((x,a),(y,f3)) = a(y) + (3(x) 

for £,y G g, a,/3& g*. Given an almost complex structure J on g we define an almost complex 
structure J on Vg by 

(7) J(x,a) = (Jx,J*a), 

where J* is defined as in (g). Note that J is skew-symmetric with respect to the metric @ and 
that both subalgebras, g and g*, are ^7-invariant. 

When the bialgebra structure on g is trivial, that is, 5 = 0, the Lie algebra T>g is the cotangent 
Lie algebra T*g. It was proved in || that if J is a complex structure on g and we define J 
as m ©, then J is a complex structure on the cotangent algebra T*g. Moreover, (J ', (• , •)) is 
a Hermitian structure on T*g, where (• , •) is the canonical ad-invariant neutral metric. More 
generally, we have: 

Proposition 3.3. Let g be a Lie algebra with a Hermitian structure (J, g) such that g is ad- 
invariant. Then the almost complex structure J on the double Lie algebra Vg = g © g* is 
integrable, with J defined as in (^) . 



Proof. Since J is integrable on g, J* is integrable on g* (see Theorem 3J) and both are subal- 
gebras of Vg, we only have to check that Nj((x, 0), (0, /?)) = for all x G g, f3 e g*. From the 
definitions we arrive at 

[J(x,0),J(0,f3)} = (-coad*(J*/3)(Jx), coad( Jx){ J* (3)) 

[(x,0), (0,(3)] = (-coad* (/?)£, coad(x)/3), 
J[J{x,0),{0,(3)} = (-Jcoad*(/?)(Jx), J*co&d(Jx)f3), 
J[(x,0),J(0,(3)} = (-Jcoad*(J*/3)x, J* coad(x) J* (3). 

Let us begin with the first coordinate; then, for ip £ g*, we compute 

(coad* {J* (3) (x))ip = (-xoad*(J*/?))^ = -x{[J* f3,ip}*) 

= — x( J*[(3, V^*) (since (g*, J*) is a complex Lie algebra) 

= -J*[P,4>}*(x) = [P,iP}*(Jx) 

= {Jx)[f3,ip}* = -(coad*(/3)(Jx))^, 
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and from this equality one easily verifies that the first coordinate of Nj((x,0), (0,(3)) vanishes. 
Let us compute now its second coordinate. For v G 0, we have 

(coad(Jx)(J*/3))v = -(J*(3)[Jx,v] = (3(J[Jx,v\) 

= (3([Jx, Jv] — [x,v] — J[x, Jv\) (using the integr ability of J) 
= J* (co&d(Jx)(3)v + (coad(x)(3)v + (J* coad(x) J*(3)v, 

and from this we see immediately that the second coordinate of Nj((x,0), (0,(3)) also vanishes. 
Therefore, Nj = 0. □ 



Proposition |3.3| implies that (J , (■ , •)) is a Hermitian structure on T>q, therefore, Theorem 3.1 
yields: 

Corollary 3.4. 

(1) Under the same hypotheses of the previous proposition, (Dq,5j) is a Lie bialgebra of 
complex type. 

(2) If J is a complex structure on q and (■ , ■) is the canonical ad-invariant neutral metric 
on T*q, then (J , (■ , •)) is a Hermitian structure on T*q. In particular, T> (T*q) is a Lie 
bialgebra of complex type. 



Proof. The first assertion is a consequence of Proposition [3^. For (2), use the fact that J 
defined as in (|7|) is a complex structure on T*q (see ||) and therefore (J , (■ , •)) is a Hermitian 
structure on T*q. The second assertion now follows by applying (1). □ 



Example 3.5. Let aff(M) be the non abelian real 2-dimensional Lie algebra and let q := £2(1, 1) 
denote its cotangent Lie algebra (see Example j3~2| ), which has a basis {e\, . . . , e\\ such that the 
non vanishing Lie bracket relations are 

(8) [ei,e 2 ] = e 2 , [ei,e 3 ] = -e 3 , [e 2 ,e 3 ] = e 4 . 
Let (J, g) be the Hermitian structure on q with ad-invariant g given by 

Jei = e 2 , Je 3 = -e 4 , 
g(ei,e 4 ) = g(e 2 ,e 3 ) = 1. 

The Lie bracket [•, -]j is given by 

(9) [ei,e 3 ]j = e 4 , [ei, e 4 ] j = -e 3 , [e 2 ,e 3 ]j = e 3 , [e 2 ,e 4 ]j = e 4 , 

hence, qj is isomorphic, as a complex Lie algebra, to the complex analogue aff(C) of off(M). If 
{e 1 , . . . , e 4 } denotes the dual basis of g*, from (|9|) and the definition of g, we have that the only 
non trivial brackets on g* are 

r 1 3i* 1 r 1 4i* 2 r 2 3i* 2 r 2 4i* 1 

[e ,e°] = -e , [e,e] =e, [e\ e°] = -e, [e,e\ =-e. 

To determine the Lie algebra structure on T>g, it remains to compute the brackets of the form 
[ei,e J ] = (— coad*(e J )ej, coad(ej)e J ), which is done below: 

[e^e 1 ] = -e 3 , [^-.e 1 ] = e 4 , 

[ei,e 2 ] = -(e 4 + e 2 ), [e 2 ,e 2 ] = -e 3 + e 1 , 

[ei,e 3 ] = ei + e 3 , [e 2 ,e 3 ]=e 2 , [e 3 ,e 3 ] = -e 1 , 

[ei,e 4 ] = e 2 , [e 2 , e 4 ] = -(ei + e 3 ), [e 3 ,e 4 ] = e 2 . 

is 3-step solvable, and observe that 

l(T>Q) = span{e 4 ,e 3 - e 1 } , [T>q,Vq] = span {e 2 , e 3 , e 4 , e\ e 2 , ei + e 3 } , 



10 



A. ANDRADA, M. L. BARBERIS AND G. OVANDO 



and Vq/^Vq) is isomorphic to M 2 x M 4 , where M 2 = span {xi, 22} acts on M 4 as follows: 



ad(xi) 



/I 
1 

V 



\ 

-1 
-1/ 



ad(x 2 ) 



/0 -1 
1 

V 



\ 

-1 

1 0/ 



The ad-invariant neutral metric (• , •) on Dq is given by (ej,e J ) = 1 for j = 1, ... ,4, and the 
induced complex structure J on Dq is as follows: 



J\ B = J, Je l 



-e 4 . 



3.1. Compact semisimple bialgebras of complex type. We recall Samelson's construction 



of a complex structure on a compact semisimple even dimensional Lie algebra g [27|. Let f) be a 
maximal abelian subalgebra of g. Then we have the root space decomposition of with respect 
to f) c : 







where $ is a finite subset of (f) c )* and 

{ x e g c : [h,x] = a{h)x, V/i G f) C } 



are the one dimensional root subspaces. Since f) is even dimensional, one can choose a skew- 
symmetric endomorphism I of f) with respect to the Killing form such that I 2 = —id. Samelson 
defines a complex structure on g by considering a positive system $ + of roots, which is a set 
<I> + C <& satisfying 



$+n (-$+) 



<£»+ U 



Setting 



m 



,1,0 



where f) 1,0 is the eigenspace of / of eigenvalue i, it follows that m is a (solvable) complex 
Lie subalgebra of g c which induces a complex structure J on g such that g 1,0 = m. This 
complex structure is skew-symmetric with respect to the Killing form on g, hence we obtain 
a Lie bialgebra (g,5j) of complex type. This is not equivalent to the standard Lie bialgebra 



structure on g constructed in [22| (see also [pip . In fact, in the standard case, the Lie algebra 
g* is completely solvable 3 , whereas in the complex type case, it is not. 



Example 3.6. Let us consider g = su(2n + 1) for n > 2, hence g 



' (ih 



sl(2n + 1,C). We can take 



and 



17 



.1,0 



21 



^2n+l / 



^2n+l / 



G C, Z1 - Z 2 n+1 
z T — iz n -\- r ^ t — 2, . 



^Recall that a real solvable Lie algebra u is completely solvable when ad(a;) has real eigenvalues for all x G u. 
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The corresponding complex structure J on g as above is determined by the complex subalgebra 
g 1 ' of sl(2n + 1, C) given by g 1,0 = rj 1,0 n where 

n = { all (2n + 1) x (2n + 1) strictly upper triangular complex matrices }. 



According to Theorem |3,1| and Proposition 2.4, the Lie algebra g* associated to (q,5j) is iso- 
morphic to g > . 

On the other hand, we recall from [22] that if we consider the standard Lie bialgebra structure 
on g, then g* is isomorphic to the solvable Lie algebra 

all (2n + 1) x (2n + 1) traceless upper triangular 
complex matrices with real diagonal entries 

Note that sb(2n + 1, C) is not a complex subalgebra of s((2n + 1, C). Therefore, our construction 
yields a Lie bialgebra structure on su(2n + 1) which is not equivalent to the standard one. 



sb(2n + l,i 



We exhibit next families of metric Lie algebras admitting skew-symmetric complex structures 
where the ad-invariant metric has signature (2, n). 

3.2. Examples arising from Lorentzian ad-invariant metrics. We recall from [^] the 
classification of Lie algebras admitting ad- invariant metrics of signature (l,n — 1). 

Theorem 3.7. [23] Each indecomposable non simple Lie algebra with an ad-invariant Lorentzian 
metric is isomorphic to exactly one Lie algebra in the family 

osc(A) = span{e , ei, . . . , e 2m +i} 

with A = (Ai, A2, . . . , A m ), 1 = Ai < A2 < • • • < A m , where 

[e 2 i-i, e 2 i] = Aje , i = l,...,m, 

and the adjoint action of e2 m +i on span{e\, e 2 , ■ ■ ■ , e 2m } is given by 

( -Ai \ 
Ai 

(10) A K := 

-K 
\ A m J 

The simply connected Lie group corresponding to osc(A) is known as the oscillator group. 
The 4-dimensional Lie algebra osc(l) will be denoted simply by osc. Since the metric on any 
Lie algebra of the family osc(A) is Lorentzian these Lie algebras do not admit Lie bialgebra 
structures of complex type (Lemma p.6|) . However, trivial central extensions of them do admit 
such structures. 

Theorem 3.8. The direct extensions osc(A) x R ' are Lie bialgebras of complex type. 

Proof. Let osc(A) = spanjeo, e\, . . . , e2 m +i} be as above. An ad-invariant metric on osc(A) is 
defined by the following non trivial relations 

g(eo, e 2m +i) = g(ej,ej) = 1, for j = 1, . . . , 2m. 

If we consider R ' = span{e2 m +2 ; e2m+3} equipped with the metric g(e2 m + 2 , e 2m+ 3) = 1 then 
we obtain on osc(A) x WL > an ad-invariant metric of signature (2, 2m + 2). The almost complex 
structure defined by 

Jeo = e 2m+ 3, Je 2m +i = e 2m +2, Je 2i -i = e 2i , for i = 1, . . . , m, 

is integrable and skew-symmetric with respect to g, proving the assertion. □ 
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3.3. Examples arising from ad-invariant metrics of signature (2, n — 2). We recall from 
the classification of the Lie algebras with one dimensional centre admitting an ad-invariant 
metric of signature (2,n — 2). 

Theorem 3.9. Let g be an indecomposable Lie algebra with one dimensional centre endowed 
with an ad-invariant metric of signature (2, n — 2). Then q is isomorphic to one of the following 
Lie algebras: £2(1,1), £3(1,2), L 2t \(l,n — 3) or £3^(1, n — 3). 

We describe below the Lie algebras mentioned in the above theorem: £2(1, 1) was introduced 
in Example |3.5| , and for the remaining cases we have 

o £3(1,2) = spanjeo, ei, e2, e3, 64} with [ei,e2] = eo and the adjoint action of e 4 on the 
subspace spanjei, e2, 63} is given by 

/0 0^ 
L 3 = 1 

V° 1 °y 

o L2,a(1, n — 3) = spanjeo, e\, . . . , e n _i} for n = 2m + 2 > 5 even and A = (Ai, . . . , A m ), 
< Ai < • • • < A m , with [ei,e2] = eo, [e2i-i,e 2 i] = A^eo, 2 < i < m, and the adjoint action of 
e n _i on span{ei, . . . , e n _ 2 } is given by 

'0 1 
1 

A h 

with A\ as in Theorem [3.7| , 

o L 3) ^(l,n — 3) = spanjeo, ei, . . . , e n _i} for n = 2m + 3 > 5 odd, with [ei,e2] = eo, 
[e2i) 62*4-1] = Ajeo, 2 < i < m, and the adjoint action of e n _i on spanjei, . . . , e n _2} is given by 

% 
with A and A\ as above. 

Theorem 3.10. Let q denote a Lie algebra as in the previous theorem. Then gxK s is a Lie 
bialgebra of complex type, where s = (resp. s = 1) if dim q is even (resp. odd). 

Proof. We exhibit in each case a Hermitian structure (J, g) where g is an ad-invariant metric. The 
proofs of the ad-invariance property and the integr ability of J follow by standard computations. 



o £2(1, 1) : see Example 3.5. 
o L 3 (l,2) x Re 5 : 

g(e , e 4 ) = -ff(ei, e 3 ) = g(e 2 ,e 2 ) = g(e 5 ,e 5 ) = 1, 
Je = e 3 , Jei = e 4 , Je 2 = e 5 . 

oL 2 ,A(l,n-3) : 

g(eo, e„_i) = -g(e 1 ,e 1 ) = gfa, ei) = 1, 2 < i < n - 2, 

1 1 . 

Je = (ei + e 2 ), Je n _ x = (e 2 - ei), Je 2l -i = e 2l , 2<i<m. 

oL 3iA (l,n-3) x Me n : 

5(e , e n _i) = -g(ei, e 3 ) = g(e 2 i,e 2 i) = g(e 2 i +3 ,e 2i+3 ) = 1, 1 < i < m, 
Je 3 = e , Je n _i = ei, Je„ = e 2 , Je 2i = e 2i+ i, 2 < i < m. 

□ 



LIE BIALGEBRAS OF COMPLEX TYPE 



13 



We can obtain Lie bialgebras of complex type in arbitrarily high dimensions by applying 
an iterative doubling procedure. In fact, it is a consequence of (1) in Corollary that if 
(J, g) is a Hermitian structure on q such that g is ad-invariant, then T> k Q is a Lie bialgebra 
of complex type of dimension 2 k m, m = dimg, k > 1, where T> k g is defined inductively by 
V 1 q = Vq, V k e = V(V k ~ 1 Q). 

In a similar way, the second assertion in Corollary ^4 implies that if J is a complex structure 
on any Lie algebra q, then J induces a Hermitian structure on T*q with respect to the neutral 
ad-invariant metric, therefore, T> k (T*g) is a Lie bialgebra of complex type for k > 1. 

We point out that the ad-invariant metric on either T> k Q or T> k (T*g) has neutral signature for 
all k > 1. In the next section we will develop a method to construct a Lie bialgebra of complex 
type with ad-invariant metric of signature (2p + 2, 2q + 2) starting with one whose corresponding 
metric has signature (2p,2q). 



4. Construction of examples via double extensions 

The aim of this section is to obtain new examples of Lie bialgebras of complex type starting 
with a Hermitian structure on a lower dimensional Lie algebra by a double extension process. 
As a consequence of our construction we show that all solvable metric Lie algebras of dimension 
4 and 6 with metrics of suitable signature admit Lie bialgebra structures of complex type. 



We begin by recalling the following result (see, for instance, [24]): 

Theorem 4.1. Let (0, (• , •)) be an indecomposable metric Lie algebra. Then one of the following 
conditions holds: 

(1) X) is simple; 

(2) d is 1- dimensional; 

(3) d is a double extension D = 0^(0, f)), where f) is 1-dimensional or simple and ir : — > 
Der s k cw (g, (-,-)) is a representation of f) on q by skew- symmetric derivations. 

We will restrict ourselves to the solvable case, and therefore we will consider only double 
extensions of a metric Lie algebra by 1-dimensional Lie algebras. Following the notation in 
@, we give the description of such extensions. Let f) = M.H and f)* = Ma, with a(H) = 1. 
The double extensions of the Lie algebra (fl, (• , •)) by the one dimensional Lie algebra f) are 
determined by skew-symmetric derivations A £ Der s k ew (g, (•,•)): 

f A ■= V a(<3, M) := Ma © 5 IF 

with Lie bracket 

a 6 3 (5a), [x,yh A = (Ax,y)a+[x,y} 8 , [H,x]q a = Ax, 

for all x,y £ q. The ad-invariant metric on the double extension dA is obtained extending the 
ad-invariant metric on q via the single relation {a,H) = 1. 

We will show next that beginning with a metric Lie algebra (g, (• , •)) equipped with a skew- 
symmetric complex structure and certain skew-symmetric derivations, we can produce a skew- 
symmetric complex structure on double extensions of q. 

Theorem 4.2. Let (J, (• , •)) be a Hermitian structure on the Lie algebra q with ad-invariant 
metric (■ ,■), and let M 1 ' 1 := span{xo,yo} denote the abelian pseudo-Euclidean Lie algebra with 
metric (xo,yo) = 1- Denote by q the product metric Lie algebra q = Mr' 1 x g, and let A be a 
skew- symmetric derivation of Q. We denote by J the skew- symmetric almost complex structure 
on the double extension = 9 r(g,M) defined by 

J| B = J, Ixq = a, Jyo = H, J 2 = —id. 
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Then J is integrable if and only if there exist c G K, y G 3(0), a 1-cocycle k G g* and a skew- 
symmetric derivation A of (g, (• , •)) suc/i t/iai 

Aco = cxq, Ayo = —cyo + y, Ax = k(x)xo + Ax, AJ = J A, 
where k(x) = — (x,y) for all x G g. 

Proof. In this proof we will denote d : = 0^, in order to simplify notation. Let us first suppose 
that this almost complex structure is integrable, and from this we will determine the form of the 
derivation A. Recall that the integr ability of J is equivalent to the vanishing of the Nijenhuis 
tensor Nj, where 

Nj(x,y) = J[x,y]v - [3x,y] t - [xjy]x, - J[3x, Jry]„, x,y ed. 

From Nj(xo,yo) = we have that 

= iVj(x ,2/o) = J[^o,yo]o - [fco,2/o]o - [xo, Jyo]o - J[fco, Jyo]o 

= J ((Ae , yo)a + [so, VoYg) ~ [a, yo]o - [%o, &\t> ~ J[«, #]a 

= -(Ax ,yo>£o + Aco- 



Hence, denoting c := (AxQ,yo), we obtain that 

^4xo = cxo- 

Since .A is skew-symmetric, we see that (Ayo,yo) = 0, so that Ayo G (spanjyo}) -1- = span{yo}ffig 
and therefore Ayo = fiyo + y for some /3 G M. and y G g. But, since A is skew-symmetric, we 
have 

c = (Ac ,yo) = -(xo,Ay ) = -(x ,f3y + y) = -(3 
and using now that A is a derivation of g, we obtain for x G g 

= A[y , x]g = [Ayo, x]~ g + [y , ix ] g = [/%o + 17, a?] 5 = [y, z] fl , 
so that y G 3(g). Thus, 

-4yo = -cyo + y, ye 3(0). 

Now take x G g and observe that (Ax,xq) = —(x,Axo) = —c(xo,x) = 0, and hence Ax G 
(spanjxo})" 1 " = spanjxo} © 0, so that there exist k G g* and A G End(g) such that 

Ax = k{x)xo + Ax, for all x G g. 

Let us determine k. For x G g, we compute (Ayo,x) = (—cyo + y,x) = (y, x), but, on the other 
hand (Ayo,x) = — (yo,Ax) = — (yo,fc(x)xo + Ax) = —k(x), so that 

(11) k(x) = -(x,y), xGg. 

In order to verify that A; is a 1-cocycle, we only have to show that /c([g,g] g ) = 0. But this follows 
easily from (11) and the fact that 3(g)" 1 " = [g,g] , since y G 3(g). 

Now let us prove the statements regarding A G End(g). For x,y G g, we have 

(Ax, y) = (Ax - k{x)x , y) = (Ax, y) = -(x, Ay) = -(x, k(y)x + Ay) = -(x, Ay), 
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so that A is skew-symmetric. Next, we see that 

A[x, y) g = A[x, y] g - k([x, y] s )x = [H, [x, y] s ] t 
= [H, [x,y]v - (Ax,y)a] v = [H, [x,y]^ 
= ~[x, [y,H]x,]i, - [y, [H,x] 9 ]x> 

= [x, Ay}?, - [y, Ax}?, = [x, k(y)x + Ay}?, - [y, k(x)x + Ax}?, 
= —k(y) {Axo, x) a + (Ax, Ay)a + [x, Ay} g 
=o 

+ A; (a;) (Ax , y) a - (Ay, Ax)a - [y, Ax} g 
=o 

= {k(x)x + Ax, Ay)a + [x, Ay} s - (k(y)x + Ay, Ax)a + [Ax, y} g 
= [x,Ay] s + [Ax,y} g , 
and hence A is a derivation of g. Finally, from N$(yo,x) = we obtain that 
= N s (y ,x) = I[y ,x}?, - [H,x]x, - [yo,Jx]n -J[H,Jx] t 

= J (^(Ay ,x)a + [yo,x]~^j - Ax - (Ay , Jx)a - [y , Jx} g - SAJx 

= (yo,Ax)xo — (k(x)xo + Ax) + (yo, AJx)a — J (k(Jx)xo + AJx) 
= k(x)xQ — k(x)xo — Ax + k(Jx)a — k(Jx)a — J AJx 
= -Ax - J AJx 

for all x £ g, so that A = —JAJ, or equivalently, A J = J A. 

Let us suppose now that A is a skew-symmetric derivation of (g, (• , •)) satisfying the conditions 
in the statement of the theorem. We have to show that the Nijenhuis tensor Nj vanishes iden- 
tically. According to Lemma 2.2 in ||, we only have to verify that Nj(xo,yo) = 0, Nj(xq,x) = 
0, Nj(yQ,x) = and Nj(x,y) = for all x,y E g. From what has been done in the first part 
of the proof, we see easily that iVj(xo,yo) = 0, N$(yo,x) = for all x £ g; let us consider the 
remaining cases. Take x € g and compute 

N$(xq,x) = J[xo,x] — [a,x}xi — [xq, Sx}?, — J[a, Jx] 

= J {(Axq, x)a + [xq, x} g ^j - (^(Ax , Jx)a + [x , Jx}~ g ^J 

= 0, 

since Axq = cxq is orthogonal to g and xq is central in g. Now, take x,y S g and compute 
Nj(x,y) =3[x,y] t - [Jx,y] t - [x, Jy] a - 3[Jx, Jy] B 

= J {(Ax,y)ot + [x,y} g \ - (AJx,y)a - [Jx,y} g - (Ax, Jy)a - [x,Jy] g 

— J (^(AJx, Jy)a + [Jx, Jy}^ 

= -(k(x)x Q + Ax, y)x + J[x, y] g - (k(Jx)x + AJx, y)a - [Jx, y] g 

- (k(x)xo + Ax, Jy)a - [x, Jy} g + (k(Jx)x + AJx, Jy)x - J[Jx, Jy} g 
= —(Ax, y)xo — (J Ax, y)a — (Ax, Jy)a + (J Ax, Jy)xQ + Nj(x, y) 

= -(Ax, y)x + (Ax, Jy)a - (Ax, Jy)a + (Ax, y)x + N$(x, y) 
= 0, 
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since J is a skew-symmetric integrable almost complex structure on g which commutes with A. 
This completes the proof. □ 

Let us compute next the associated Lie bracket [•, -]j on d^. Keeping the notation from the 
previous theorem, it is easily verified that the following relations hold: for x,y £ q, 

[x, y]j = [x, y]j, [x , y ]j = -cx , 

[yo,x]s = k(x)x - k(Jx)a + Ax, 

[«, yoh = ~ ca , [«> H h = cx o, 

[H, x]j = k(x)a + k(Jx)xQ + A Jx, [H, xo]j = col. 
From these equations we see that (f^jj = Cyo x (Cxo x Qj) as complex Lie algebras, where 

adj(yo) 



fc 


zi ■■■ z n \ 









M + iN 


\° 


) 



with respect to an ordered C-basis {xq,v\, . . . ,v n } of Cxo x qj. Here, zi = k(vi) — ik(Jvi), for 
, n, and A = ( ^ in the ordered M-basis {v\, . . . , v n , Jvi, . . . , Jv n } of g. 



1 = 1, 



4.1. Lie bialgebras of complex type in low dimensions. In the next paragraphs we apply 
the method developed in Theorem ^L^, starting with g = {0} and g = M. 2 , to show that all 
solvable metric Lie algebras of dimension four and six with metric of signature (2r, 2s) admit 
bialgebra structures of complex type. 

>i,l 



(i) We apply first Theorem L2 in the case g = {0}. Hence g = Mr' is spanned by {xo,yo} 
with the neutral metric (xo,yo) = 1 and the skew-symmetric endomorphism A is given by 
Axo = cxo, Ayo = —cyo. In this case, 
following Lie bracket relations 



the double extension d 



>i,i 



RH has the 



[xo, Vol = ca>, [H, x ] = cx , [H, y ] = -cy , 

1 = (a,H), and the skew-symmetric complex 



the ad- invariant metric is given by (xo,yo) 
structure J is determined by Jxo = a, JJyo = H. 

If c = 0, then 0^ is the pseudo-Euclidean abelian Lie algebra with metric of signature (2, 2) 
and its canonical skew-symmetric complex structure. 



If c ^ 0, then (D^, J, (• , •)) is equivalent to (Lz(l, 1), J,g) from Example |3.5| , considering the 
following basis of d^: 



ei := 



e-2 



cyo, 



C3 



e 4 



-ca. 



(ii) Now we consider the case g = M?, the abelian 2-dimensional Euclidean Lie algebra. We 
take a basis {u, v} of g such that (u, u) = (v, v) = 1 and Ju = v, and hence g = M 1 ' 3 is spanned 
by {xo,yo,u,v} with the ad-invariant metric (xo,yo) = (u,u) = (v,v) = 1. Any skew-symmetric 



endomorphism A of g satisfying the conditions of Theorem [4.2| takes the following form, in the 
ordered basis {xq, yo, u, v}: 



A 



fc 





—a 







— c 











a 





— r 


Vo 


b 


r 
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for some a, b,c,r E R. For all values of these parameters, the corresponding ad-invariant metric 
will have signature (2,4). There are two possible cases: the derivation A is nilpotent or not. 

Suppose first that A is nilpotent, that is, c = r = 0. This is equivalent to the Lie algebra 
D A = Ra © E 1 ' 3 © RH being nilpotent (see [§). If a = b = 0, we obtain that d A = R 2,4 . On the 
other hand, if a? + b 2 ^ 0, we set 

ei : = (a 2 + b 2 )-^H, e 2 := -(a 2 + ft 2 )" 1 ^, e 3 := (a 2 + ft 2 )" 1 /^-^ + av), 

e4 := (a 2 + 6 2 )" 1 / 2 (an + bv), e 5 := (a 2 + 6 2 ) 1/4 x , e 6 := (a 2 + 6 2 )V 4 a . 

Thus for any choice of such a and 6, the Lie bracket on 5i in terms of the basis {e\, . . . , eg} is 
given by 

(12) [ei,e 2 ] = -e 4 , [ei,e 4 ] = -e 5 , [e 2 ,e 4 ] = -e 6 , 

and the Hermitian structure (J, g) on c)^ becomes 

Jei = e 2 , Je 3 = -e 4 , Je 5 = e 6 , 

5(e3, e 3 ) = #(e 4 , e 4 ) = g(ei, e 6 ) = -g(e 2) e 5 ) = 1. 

It can be seen that (?) j, J, (• , ■)) is equivalent to the metric Lie algebra with skew-symmetric 
complex structure (£3(1,2) x R,J,g) constructed in §3.3. 

Remark. The Lie algebra £3(1,2) x R can be found in Salamon's list of 6-dimensional nilpo- 
tent Lie algebras admitting a complex structure (see [§?]]). In his notation, this Lie algebra 
corresponds to (0, 0, 0, 12, 14, 24). 

Assume next that A is not nilpotent, so that c 2 + r 2 7^ 0. Let us suppose that a = b = 0, and 
hence k = € 5* (we are using the notation from Theorem 4.2). The Lie bracket on the double 
extension t)^ = Ra © R 1,3 © RH is given by 

[x , y ] = ca, [H, x ] = cx , [H, y ) = -cy , 
[H, u] = rv, [H, v] = —rn, [u, v] = ra, 

the ad-invariant metric is obtained by adding the relation (a, H) = 1 to the ad-invariant metric 
on g, and the skew-symmetric complex structure J is defined as follows 

Ju = v, Jxo = a, J?/o = H. 

We have the following possibilities, depending on the conditions satisfied by the parameters c 
and r. 



o If c = 0, r ^ 0, set 

e x := -r~ l H, e 2 := u, e 3 := v, e 4 := ra, e 5 := r^y , e 6 := rx - 

The Lie bracket on d A in terms of the basis {e\, . . . , e$} is given by 

[ei,e 2 ] = -e 3 , [ei,e 3 ]=e 2 , [e 2 ,e 3 ] = e 4 , 

and the Hermitian structure is 

Jei = e 5 , Je 2 = e 3 , Je 4 = -e 6 , 

-£?(ei, e 4 ) = g(e 5 , e 6 ) = p(e 2 , e 2 ) = g(e 3 , e 3 ) = 1. 

Therefore (9 (•,-)) is equivalent to the metric Lie algebra with skew-symmetric complex 
structure (osc x R 1 ' 1 , J,g) constructed in 
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o If c 7^ 0, r = 0, set 

ei := — c -1 i!f, e2 := c _1 yo 5 ^3 := cxo, e4 := —ca, es := u, e6 := v. 
The Lie bracket on 9^ in terms of the basis {e%, . . . , e§} is given by 

[ei,e 2 ] = e 2 , [ei,e 3 ] = -e 3 , [e 2 ,e 3 ] = e 4 , 
and the Hermitian structure is 

Jei = e 2 , Je 3 = -e 4 , Je 5 = e 6 , 
p(ei, e 4 ) = g(e 2 ,e 3 ) = g(e 5 , e 5 ) = #(e 6 , e 6 ) = 1. 

Hence, (f^, J, (• , •)) is equivalent to the metric Lie algebra with skew-symmetric complex struc- 
ture (£ 2 (1, 1) xR 2 ,J)ff) constructed in §3.3. 

o If c ^ 0, r 7^ 0, we will consider two cases, according to the sign of r/c. If r/c < 0, then we 
set 

ei := — c _1 i?, e 2 := c _1 yo 5 e 3 := cxq, e 4 := u, es := v, e§ := —ca. 
On the other hand, if r/c > 0, we set 

ei := — c _1 i?, e 2 := c _1 yo 5 ^3 := cxo, e 4 := u, es := u, e6 := —ca. 
In both cases, {ei, . . . , e§} is a basis of 9^ such that its Lie bracket is given by 

/ 13 n [ei,e 2 ] = e 2 , [ei,e 3 ] = -e 3 , [ei,e 4 ] = Ae 5 , [ei, e 5 ] = -Ae 4 , 

[e 2 ,e 3 ] = e 6 , [e 4 ,e 5 ] = Ae 6 , 



for A = \r/c\ and it can be shown that 0^ is isomorphic to Q\ := L 2) ^(l,3) from § |3.3| . The 
ad-invariant metric g is the same for both cases and it is given by 

g(ei,e 6 ) = g(e 2 ,e 3 ) = g(e 4 , e 4 ) = g(e 5 , e 5 ) = 1, 

whereas the skew-symmetric complex structures J\ and J 2 corresponding to each case are given 
by 

J\z\ = e 2 , Jie 3 = -e 6 , Jie 4 = e 5 , 

for r jc < and 

J 2 ei = e 2 , J 2 e 3 = -e 6 , J 2 e 4 = -e 5 , 
for r/c > 0. Recall that for any fi G C, the 3-dimensional complex Lie algebra r 3j/J (C) has 
a basis {xo,xi,x 2 } with Lie brackets given by: [xo,xi] = x\, [xo,x 2 ] = ^x 2 , and moreover, 
t 3j(U (C) is isomorphic to x^y^iC) for /i 7^ (see |I5| ). It turns out that (q\)j 1 — t 3) _j,\(C) and 
(qx)j 2 — ^3,iA(C) as complex Lie algebras. 

Remarks. 

(i) Since (Qx)^ and (0a)j 2 ar e not isomorphic for A 7^ 1, Ji and J 2 are not equivalent and the 
corresponding bialgebras (g,<5j.), z = 1,2, are not isomorphic. When A = 1, it can be shown 
that J\ is still not equivalent to J 2 and the corresponding bialgebras are not isomorphic, even 
though, in this case, (fli)j — (Si) j»- Therefore, there exist two non isomorphic Lie bialgebra 
structures on Qi such that they induce isomorphic Lie algebra structures on (compare with 
Theorem 1.12 in jsjfl ). 

(ii) Concerning the behaviour of the Lie bialgebras (q\, <5j.) for i = 1, 2 as A approaches or oo, 
we point out that when A — ► 0, we obtain in both cases (i = 1, 2) the Lie bialgebra L 2 (l, 1) x M 2 
with the structure constructed above. On the other hand, if A — > oo, then the resulting Lie 
bialgebra is osc x R ' . Therefore, (q\, 5j r ) and (q\,5j 2 ) are non-isomorphic Lie bialgebras 
which converge to the same bialgebra when A — > or A — > oo. 
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0* 


£2(1,1) 

£3(1,2) xl 
L 2 (l,l) xl 2 
osc x R 1 - 1 


off(C) 
f)s(C) 
off(C) x C 
off(C) x C 


L 2 , A (1,3) 


J ^3,-ia(C) for the complex structure J\ 


1 ^3,ia(C) for the complex structure J 2 


Table 1. 



In Q, the indecomposable metric Lie algebras of dimension < 6 have been classified. From 
this classification we can determine all (not necessarily indecomposable) solvable metric Lie 
algebras with metric of signature (2r, 2s) in these dimensions. We list below the non-abelian 
ones: 

(14) L 2 (l,l), L 3 (l,2)xR, L 2 (l,l)xR 2 , osc x R 1 ' 1 , L 2jA (l, 3) (A > 0). 

Therefore, the results in this section can be summarized as follows: 

Theorem 4.3. Every solvable metric Lie algebra (0,5), dimg < 6, such that g has signa- 
ture (2r, 2s) admits a skew- symmetric complex structure and hence, a Lie bialgebra structure of 
complex type. 



According to Theorem 3T, for any Lie bialgebra of complex type (pj, 5j), its dual pj* inherits a 
complex Lie algebra structure. Table [l] exhibits pj* when q is one of the algebras in ( |l~4|) with the 
Hermitian structures considered above (compare with the Remark (ii) after Proposition [O]). 
The complex Lie algebras aff(C) and x^^ixiC) in Table |l] have already been introduced, and 
{53(C) denotes the 3-dimensional complex Heisenberg Lie algebra. 

Remark. We point out that Theorem is no longer true in dimension 8. In fact, it follows 
from (U that the cotangent algebra (T*t4, (•,•)) endowed with its natural neutral ad-invariant 
metric ( ■, ■) of signature (4, 4) does not admit any skew-symmetric complex structure, where the 
Lie algebra T4 = spanjeo, e±, e 2 , 63} is defined by 

[eo,ei]=ei, [e , e 2 ] = e\ + e 2 , [e , e 3 ] = e 2 + e 3 . 



5. Symplectic foliations on some Poisson Lie groups of complex type 

In this section we exhibit some examples of low dimensional simply connected Poisson Lie 
groups of complex type. The underlying Lie groups are either solvable or nilpotent and thus 
they are diffeomorphic to Euclidean space. We also determine the corresponding symplectic 
foliations in some cases. 

In what follows we will denote di := and dij := A ^|-. Also, for any function 

h e c°°(R n ) we set h{ : — J^r- and the Hamiltonian vector field associated to h is defined 
by Xh(g) = {h,g}. If II is the Poisson structure corresponding to {•,•}, the characteristic 
distribution associated to LT is given by 

C x = {X h \ x : h e C 00 ^* 1 )} C T x K n . 
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X 2 


x 4 \ 




((? 






: Xi G R j 












Example 5.1. We consider the Lie algebra g := £2(1,1) from Example 3.5. Let G denote the 
simply connected Lie group with Lie algebra g; it is diffeomorphic to R 4 and it can be realized 
as the following matrix group: 

G 

Identifying the matrix above with the point (x±, x 2 , x 3 , x±) G R 4 , then R 4 acquires a group 
structure given by 

{xi,x 2 ,x 3 ,x A ) * (2/1,2/2,2/3,2/4) = {x x +yi,x 2 e~ yi + y 2 ,y 3 e~ Xl +x 3 ,x 4 + y A + x 2 y 3 ). 

The r-matrix J : g — > g can be considered as an element £ A 2 g via the ad-invariant metric 
5 : ~~ > 0*, by setting R := J o g^ 1 ; g* — > g. In this case, one can easily see that i? = 
ei A e3 — e2 A e4, where ei, . . . , e± are as in (||) . According to the remark following Proposition [2.1| , 
the corresponding multiplicative Poisson tensor IIr determined by R making G a Poisson Lie 

group is given by Hr = R — R. Performing standard computations, we arrive at the following 
expression for IIr: 

U R = (e"* 1 - 1)^,3 + x 2 8 1A - x 2 e~ xi d 2 ,3 + (e~ xi -x\- l)d 2 , 4 . 

Equivalently, the Poisson bracket of two functions /, 5 £ C°°(R 4 ) is given by 

{f,g} = (e^ 1 - l)(f m - hg x ) + x 2 (f m - f m ) 

- x 2 e~ Xl (f293 ~ fm) + (e" Xl - xl - l)(/ 2 ff4 - fm)- 

From this, we obtain that the Hamiltonian vector field Xj associated to / G C°°(R 4 ) can be 
expressed as 

X f = - ((e-* 1 - l)/ 3 + X2/4) dx + {x 2 e~^f 3 - (e~ xi - x\ - l)/ 4 ) d 2 

+ ((e^ 1 - l)/i - x 2 e-^f 2 ) d 3 + (x 2 fi + (e"* 1 - x\- l)/ 2 ) d 4 . 

Let us consider now any point p = (xi,x 2 ,x 3 ,x^) G R 4 . It is easy to see that IIr(p) = if 
and only if x\ = x 2 = 0, whereas if x\ + x\ 7^ 0, then IIr(p) has rank 4, where we consider 
Hr(p) as a linear transformation Hr(p) : T^R 4 — ► T p R 4 . Consequently, the symplectic foliation 
on R 4 determined by Hr can be described in the following way: each point {(0, 0, x 3 , X4)} is a 
0-dimensional leaf, there are no 2-dimensional leaves, and the open set 

U = {(xi, x 2 , x 3 , X4) G R 4 : x\ + x\ / 0} 

is the remaining 4-dimensional symplectic leaf. The corresponding symplectic form on IA to = 
(IIrIzy)" 1 is given by 

u = — {-(e~ Xl — x\ — 1) dxi A dx 3 - x 2 e~ Xl dx± A dx 4 

+X2 dx 2 A dx3 - (e~ Xl - 1) dx2 A dx^} , 

where A = (e~ Xl — l) 2 + x\. 
Let 

n K = - x i^i,3 + ^2<9i, 4 - x 2 d 2 ^ - x x d 2A 
be the linear part of IIr in a neighbourhood of (0,0, x 3 ,X4). It follows that the Lie algebra 
determined by ITjJ is isomorphic to aff(C). Therefore, according to |I~3( |, JVr is analytically 
linearizable. 
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Example 5.2. Let n := £3(1,2) x R be the nilpotent Lie algebra considered in §4.1, and denote 
by M the corresponding simply connected Lie group, which is diffeomorphic to R and can be 
realized as the following matrix group: 



M ■ 





fl 





_2™2 

3 2 





\x\X2 + 5X4 


1™2 

1 62 1 


xe\ 









1 


-3X1 





1 ™2 
6 X 1 


-qX\X2 + 3X4 


X5 












1 





-\x x 


\x 2 


X4 




< 











1 








X3 


: Xi G R > 
















1 





X2 





















1 


XI 






\o 

















1 ) 





Identifying the matrix above with the point (xi, 
given by 

/ 







(vi\ 


X2 




V2 


X3 


* 


2/3 


X4 




Vi 


X5 




V5 


[xej 




w 



,xq) G R 6 , then R 6 acquires a group structure 

\ 



The r-matrix J : n 



x\ + y\ 

X 2 + V2 
X 3 + V3 

x 4 + y 4 -i(xiy: 
X5 + V5 + \Avi ~ 1^12/4 + (-|xix 2 + |x 4 )yi 
V x 6 + ye - gx|yi - §x 2 y 4 + (|xix 2 + 5X4)2/2 / 
2 



X2V\j 



n determines a bivector i? G A n by setting R := J o g 1 : n* — > n. In this 
case, one can easily see that R = A e 3 + e§ A e% + e6 A e 2 , where ei, . . . , eg are as in fli~2|), and 

the multiplicative Poisson tensor LT^ = R — R determined by R making M a Poisson Lie group 
is given by: 



U R = xid 3)5 + x 2 <9 3j6 - x 2 5 4i 5 + xid 4 l 



(x 2 + x 2 2 )d. 



'5,6- 



Note that II/j(xi, . . . , xg) = if and only if x\ = X2 = 0. The Poisson bracket of two functions 
/, g G C°°(R 6 ) induced by IIr is given by 



{/, 9} = xi(/ 3 55 - /59a) + x 2 (f 3 g 6 - f 6 g 6 ) - x 2 (/495 - /s94) 

+ xi(/ 4 56 - h9i) 
Therefore, the Hamiltonian vector field Xf associated to / G C 
Xf = (-X1/5 - x 2 fe) <9 3 + (X2/5 - xife) d A 

X1/3 



(x\ + xl){f 5 g 6 - f 6 g 5 ). 
can be expressed as 



1 



(x? + x\)h d 6 . 



X2/4 + ^(x? + x|)/ 6 J «9 5 + ^x 2 / 3 + xi/ 4 - - 

The symplectic foliation on R 6 corresponding to LT^ is the singular foliation associated to the 
characteristic distribution C x , and in what follows we are to determine its symplectic leaves. 
Clearly, C x = {0} if and only if x\ = x 2 = 0. Let us denote by pj, j = 1, . . . , 6, the projections 



Pj(xi,...,x 6 ) 



Xj. Then we have X pi 



X, 



and also 



x.. 



/<:s 



Pi 



X, 



/'.-> 



X, 



Pi: 



x\d 5 + x 2 <9 6 , 
-x 2 <9 5 + xi<9 6 , 

-xi<9 3 + x 2 <9 4 - g {xf + x 2 ) d e , 

-X2&3 - xi«9 4 + - (xj + xf) d 5 . 
b 
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Observe now that if x\ + x\ ^ 0, then we have that {-Xp 3 |,j. , X p4 \ x , X p5 \ x , -Xp 6 | x .} is a ba- 
sis of C x - Moreover, from the expressions obtained for X p .{x) above, we can easily see that 
{d 3 \ x , di\ x , d$\ x , de\ x } is another basis for C x . From all these considerations we obtain the 
following description of the symplectic leaves: 

• the 0-dimensional leaves are the points {(0, 0, C3, 04,05, cq)}; 

• there are no 2-dimensional leaves; 

• the 4-dimensional leaves are the affine subspaces 



F Cl ,c 2 = {(ci,C 2 ,X 3 ,X4,X 5 ,Xq) : x 3 , . . . ,Xq £R 

where ci, C2 are real constants such that cf +c| 7^ 0. The symplectic form ui, 
by He is given by 



, 02 on T cx , ci induced 



Cl,C 2 



-- dx3 A dx4 
6 



C2 dx4 A dxs + ci dx4 A dx6 



( c i + c 2) _1 ( c i ^3 A dx 5 

+ c 2 dx 3 A dx 6 

where (X3, . . . , xq) are global coordinates on T Cl>C2 . 

It follows from Proposition 3.3 in [^] that 11^ is analytically linearizable. Let 

11^ = Xi9 3i5 + X2<9 3i6 - X 2 9 4i5 + Xi9 4i6 

be the linear part of Ur in a neighbourhood of (0, 0, X3, X4, x§,xq). Observe that the Lie algebra 

determined by is isomorphic to the complex Heisenberg Lie algebra 1)3 (C), considered as a 
real Lie algebra. 

Example 5.3. We consider the Lie group G\ with Lie algebra Q\ := L2,a(1>3) from § [4.1| , for 
A > 0. This group has the following matrix realization: 



(1 


X2 





a?4y§ 




Xq 









e -X! 











x 3 












1 
























cos(Axi) 


— sin(Axi) 


(X4 sin(Axi) + X5 cos(Axi)) 




> 











sin(Axi) 


cos(Axi) 


W| (— X4 cos(Axi) + X5 sin(Axi)) 






\° 














1 


) 





for xi, 
fxi\ 

X2 
X3 
X4 

X5 

W 



x 6 G 

M 

2/2 
2/3 
2/4 
2/5 

w 



This induces the following multiplication on 
/ 



x\ + 2/1 
2/2 + x 2 e~ yi 

a^3 + V3e~ xi 
2/4 + x 4 cos(A2/i) + x 5 sin(Ayi) 
2/5 - x 4 sin(Ayi) + x 5 cos(Ayi) 
\x& + 2/6 + ^22/3 + |sin(A2/i)(x 4 2/4 + X51/5) + f cos(A2/i)(x 4 2/5 - 2:52/4)/ 



Recall from §4.1 the two inequivalent Hermitian structures (Ji,g) and (J-2,g) on g\. The r- 
matrices Jj : Q\ — > Q\ determine a bivector Ri E A 2 0A by setting Ri : = Jj o g^ 1 : g* x — > g A , for 



1,2. One can easily see that 



i?i = ei A e 3 - e 2 A e 6 + e 4 A e 5 , 
i? 2 = ei A e 3 - e 2 A e 6 - e 4 A e 5 , 
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where e\ , . . . , e§ are as in (|l^) , and the multiplicative Poisson tensors Ilf =Ri — R% determined 
by Ri are given by: 

II* = (e"* 1 - l)c> 1)3 + x 2 d lfi - x 2 e-^d 2 , 3 + (e^ 1 - x\ - l)d 2j6 

- Xx 5 e~ xl d 3A + \xie~ xi d 3)5 + A(x 4 + x 2 x 5 )d 4i6 + A(x 5 - x 2 x 4 )<9 5j6 , 

II* = (e"* 1 - 1)<9 1>3 + x 2 d 1>6 - x 2 e- x 'd 2)3 + (e~ Xl -x\- l)d 2fi 

- Xx 5 e~ Xl d 3A + \xie~ Xl d 3)5 - A(x 4 - x 2 x 5 )<9 4j6 - A(x 5 + x 2 x 4 )<9 5j6 . 

Note that Ilf(xi, . . . ,xe) = if and only if x\ = x 2 = x 4 = X5 = 0. The characteristic 
distribution Cf associated to Ilf satisfies (C^) x = {0} if and only if x\ = x 2 = x 4 = X5 = 0. For 
the remaining points, dim(C^) x = 4 and 

(Ci)x = span{V\ x , Wi\ x , d 3 \ x , d e \J , 

where V and Wi are the following vector fields on M 6 : 

V = - (e~ xi -1)8! + x 2 e~ Xl d 2 - Ax 5 e- X1 <9 4 + Xx^e'^d^ 

Wi = -x 2 di - (e~ Xl - x\ - l) d 2 - A(x 4 + x 2 x 5 )<9 4 - A(x 5 - x 2 x 4 )<9 5 , 

W 2 = -x 2 di - (e~ Xl - x\ - l) d 2 + A(x 4 - x 2 x 5 )d 4 + A(x 5 + x 2 x 4 )<9 5 . 

Note that [V, Wi] = for i = 1, 2. We conclude that in both cases the 0-dimensional leaves are 
the points {(0, 0, c 3 , 0, 0, cq)} and the open set U = {x € M 6 : x\ + x 2 + x 4 + x\ 7^ 0} is foliated by 
4-dimensional symplectic manifolds, the integral manifolds of the above distributions. Consider 
the disjoint union U = U\ U U 2 U U 3 , where Ui, i = 1,2,3, are the sets 

Ui = {x G M 6 : x\ + x\ / 0, x 4 = x 5 = 0}, 

U 2 = {x e R 6 : x\ + x\± 0, xi = x 2 = 0}, 

U 3 = {x £ M 6 : x\ + x 2 2 ^ 0, x\ + x\± 0}. 

The set Ui, i = 1 or 2, has four connected components diffeomorphic to M 4 , and each of them 
is a leaf of both distributions, since (C±) x = (C 2 ) x for x £ U\ U U 2 . On the other hand, these 
distributions satisfy (Ci) x / (C 2 ) x for each x £ U 3 , and therefore, their integral manifolds 
through these points do not coincide. Nevertheless, the integral manifolds of C± and C\ through 
c = (ci, . . . ,cq) £ U 3 are diffeomorphic to 5 C x R 2 , where S c is a surface contained in {x £ U 3 : 
x-i = c 3 , x 6 = c 6 }. 
Let 

fn^ ( ) = -xi<9i j3 + x 2 9i,6 - x 2 d 2 , 3 - xi5 2j6 - Ax 5 9 3j4 + Ax 4 <9 3j5 + Ax 4 9 4>6 + Ax 5 <9 5i6 

{^f } = -^1^1,3 + x 2 di fi - x 2 d 2:3 - xi<9 2j6 - Ax 5 (9 3i4 + Ax 4 5 3j5 - Ax 4 <9 4j6 - Ax 5 9 5i6 , 

be the linear parts of LT^ in a neighbourhood of (0, 0, x 3 , 0, 0, X6). It follows that the Lie algebra 
determined by (n^ 1 ) (resp. (IL})^) is isomorphic to t 3 ^i\(C) (resp. r 3j jA(C)), considered as 
real Lie algebras. 

Remarks, (i) Replacing x 2 by — x 2 , the vector field W\ is transformed into W 2 while the other 
generators of the distributions C± and C 2 remain unchanged. Thus, the corresponding leaves of 
both distributions are diffeomorphic. However, these Lie-Poisson structures are not equivalent 
since the associated Lie bialgebras are non isomorphic. Furthermore, and II2, with A / 1, 
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are not equivalent as Poisson structures since their linear parts give rise to non isomorphic Lie 
algebras. 

(ii) The Lie algebras ts t -i\(C) and t^i\(C), considered as six-dimensional real Lie algebras, are 
real analitically degenerate. In fact, the Poisson tensor 

II = (n^ (1) + (xidi + x 2 d 2 ) A {x 4 d 4 + x 5 d 5 ) 

is non-linearizable since it has rank 6 almost everywhere, while its linear part (ll^ ) ^ has rank 
at most 4. Therefore, X3,~i\{C) is degenerate. A similar argument works for the Lie algebra 
t 3 ,a(C). 
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